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The Higgs branch of N = 2 supersymmetric gauge theories with non-Abelian gauge
groups are described by hyper-Ka¨hler (HK) nonlinear sigma models with potential terms.
Using the non-Abelian HK quotient with respect to U(M) and SU(M) gauge groups, we
derive the massive HK sigma models that are not toric in theN = 1 superfield formalism and
the harmonic superspace formalism. The U(M) quotient gives N !/[M !(N −M)!] discrete
vacua that may allow various types of domain walls, whereas the SU(M) quotient gives no
discrete vacua.
§1. Introduction
Possibilities of large extra dimensions1), 2) has renewed interest in field theories
in higher-dimensional systems. In this brane-world scenario, our four-dimensional
world is realized on an extended topological defect such as a wall (brane). Super-
symmetry (SUSY) has been an extremely useful principle for building unified models
beyond the standard model.3) In SUSY theories, topological defects can often be
obtained as BPS states,4) which preserve part of the SUSY.5) The BPS states play
an important role in exploring nonperturbative effects in SUSY gauge theories.6)
The Higgs branch of the SUSY gauge theories can often be described by SUSY non-
linear sigma models.7), 8) In turn, these SUSY nonlinear sigma models are useful
for obtaining topological defects, such as domain walls and flux tubes.9), 10) Super-
symmetric theories in systems of greater than four dimensions require at least eight
supercharges. The scalar and spinor matter fields can be described by means of
hypermultiplets in theories with eight SUSY. Recently, we formulated 12 single-BPS
∗ Present address: Department of Physics, Tokyo Institute of Technology, Tokyo 152-8551,
Japan.
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domain walls in an eight SUSY model in four dimensions.11) Moreover, we have also
succeeded in constructing the 12 BPS wall
12) and BPS multi-walls13) consistently in
five-dimensional supergravity. Before discussing the SUSY five-dimensional theories,
it is useful to consider models with eight SUSY in four dimensions without gravity.
Theories with eight SUSY are so restrictive that the nontrivial interactions re-
quire the nonlinearity of the kinetic term (the nonlinear sigma model) if there are
only hypermultiplets. Target manifolds of the SUSY nonlinear sigma models with
eight SUSY must be hyper-Ka¨hler (HK) manifolds.14), 15) To obtain a wall solu-
tion, we need a nontrivial potential. The potential term for any HK sigma model
is severely restricted by eight SUSY.16) It can be written as the square of the tri-
holomorphic Killing vector in the on-shell formulation, and it can be understood
in terms of the Scherk-Schwarz reduction17) from six dimensions.18) These models
are called “massive HK nonlinear sigma models”. Contrastingly, in two dimensions,
N = 2 SUSY (four SUSY) sigma models can have a similar potential term,16) in
addition to the potential that can be derived from the superpotential and can be
constructed off-shell in the superfield formalism.19) Solitons in such models are dis-
cussed in Ref. 20). The off-shell formulation of N = 2 massive HK sigma models in
four dimensions was given recently.11) An exact BPS solution of the wall junction
was also constructed recently in an N = 2 theory with hypermultiplets and a vector
multiplet.21)
A large class of the HK manifold is given by toric HK manifolds that are defined
as HK manifolds of real dimension 4n admitting n mutually commuting Abelian tri-
holomorphic isometries.22)–25) In Ref. 26), the massive HK sigma model on any toric
HK manifold was derived in the component formalism in four-dimensional spacetime.
The solution of the N parallel domain walls was found for T ∗CPN−1, which is
a toric HK manifold, and its moduli space was constructed.27) For this massive
T ∗CPN−1 model, the dynamics of the walls were studied28) and the number of
zero modes were calculated using the index theorem.29) The off-shell formulation of
the massive T ∗CPN−1 model in four-dimensional spacetime was obtained for both
N = 1 superfields andN = 2 superfields in harmonic superspace formalism (HSF).11)
Other interesting solitons, like solutions representing strings ending on walls, wall
intersections and string intersections were also considered in the toric HK nonlinear
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sigma models.26), 30)–33)
The potential term of the massive T ∗CPN−1 model comes from the mass terms
of the hypermultiplets when the nonlinear sigma model is constructed as the quotient
with respect to the U(1) gauge group.11), 28) We call this formulation of massive HK
sigma models “the massive HK quotient method,” since the massless case is identified
to a HK quotient found in Refs. 22) and 35). One of the advantages of our massive
HK quotient is that the off-shell formulation of the SUSY nonlinear sigma models
is possible.11) The off-shell formulation is powerful for extending models to those
with other isometries and/or gauge symmetries and to those coupled to gravity,
because in it (part of) SUSY is manifest. Any toric HK manifold can be constructed
using an Abelian HK quotient.24), 25) Therefore, an off-shell formulation of general
massive toric HK sigma models26) can be obtained using the massive HK quotient
with Abelian gauge theories. By contrast, a HK nonlinear sigma model other than
the toric HK target manifolds has been obtained by Lindstro¨m and Rocˇek22) as
a quotient using a non-Abelian gauge group for the massless case only (without
potential terms).
The purpose of this paper is to investigate massive HK sigma models in four-
dimensional spacetime using the quotient of the SUSY QCD with respect to a non-
Abelian gauge group. The models are no longer toric HK manifolds, and turn out to
be the cotangent bundle over the complex Grassmann manifold T ∗GN,M and its gen-
eralization. The former model is the massive generalization of the massless nonlinear
sigma model presented in Ref. 22). We obtain potential terms for this massive HK
nonlinear sigma model and investigate the vacuum structure of the massive T ∗GN,M
model in detail. We find that this model has N !/[M !(N −M)!] discrete vacua which
are characterized by mutually orthogonal M -dimensional complex hyperplanes in
CN . We therefore can expect rich structure for wall solutions in this model. By con-
sidering the SU(M) gauge group, we obtain a generalization of the massive T ∗GN,M
model, the massive HK nonlinear sigma model with the quaternionic line bundle
over the T ∗GN,M as the target space. The vacua of this model are trivial, and hence
we cannot expect interesting solitons.
There exists a similar model with the same number of vacua, namely the two-
dimensional N = 2 SUSY (four SUSY) Grassmann GN,M sigma model with twisted
4 Masato Arai, Nuneto Nitta, Norisuke Sakai
mass.34) We believe that the target space of this model is obtained by truncating our
model on T ∗GN,M to its base manifold, so that they have the same number of vacua.
If we find solitons in our model, it may also be the case that they play interesting
roles in this kind of two dimensional model.
The rest of this paper is organized as follows. In §2, we present the massive
HK quotient with N = 1 superfields. The vacuum structure of the massive T ∗GN,M
model is studied in §3. The massive HK quotient is described in the Wess-Zumino
gauge in §4. Section 5 is devoted to a generalization of the massive HK quotient with
respect to the SU gauge group. Our model is derived in the harmonic superspace
formalism36), 37) in §6. A summary and discussion are given in §7.
§2. Massive HK quotient with respect to the U(M) gauge group
We consider N = 2 SUSY QCD with N flavors and a U(M) gauge group. In
terms of N = 1 superfields, the NM N = 2 hypermultiplets ∗∗ can be decomposed
into (N ×M)- and (M ×N)-matrix chiral superfields Φ(x, θ, θ¯) and Ψ(x, θ, θ¯), and
the N = 2 vector multiplets for the U(M) gauge symmetry can be decomposed
into M ×M matrices of the N = 1 vector superfields V = V A(x, θ, θ¯)TA and chiral
superfields Σ = ΣA(x, θ, θ¯)TA, with the M ×M matrices TA (A = 1, · · · ,M2) of the
fundamental representation of the generators of the U(M) gauge group. The U(M)
gauge transformation is given by
eV → eV ′ = e−iΛeV eiΛ† , Σ → Σ′ = e−iΛΣeiΛ, (2.1)
Φ→ Φ′ = ΦeiΛ, Ψ → Ψ ′ = e−iΛΨ, (2.2)
where Λ = ΛA(x, θ, θ¯)TA are the chiral superfields of the gauge parameters. Note
that this gauge symmetry is actually complexified into U(M)C = GL(M,C), because
the scalar components of Λ are complex fields.
Because we focus on the Higgs branch, we can take the strong coupling limit,
g →∞, and throw away the kinetic term for gauge multiplets. Then, the Lagrangian
∗∗ In the following, we consider only the case N > M . This requirement is necessary in order for
the nonlinear sigma models to be well-defined, since dimensions of target space is given by 4(N−M).
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is given by
L =
∫
d4θ
[
tr (Φ†ΦeV ) + tr (ΨΨ †e−V )− c trV
]
+
[∫
d2θ
(
tr {Σ(ΨΦ− b1M )}+
N−1∑
a=1
matr (ΨHaΦ)
)
+ c.c.
]
, (2.3)
where we have absorbed a common hypermultiplet mass into the field Σ, the quan-
tities ma (a = 1, · · · , N − 1) are complex mass parameters, and Ha are diagonal
traceless matrices, interpreted as the Cartan generators of SU(N) below. The elec-
tric and magnetic Fayet-Iliopoulos (FI) parameters are denoted c ∈ R≥0 and b ∈ C,
respectively. In the limit ma → 0 for all a, the model has the global (flavor) SU(N)
symmetry expressed by
Φ→ Φ′ = gΦ, Ψ → Ψ ′ = Ψg−1, g ∈ SU(N) , (2.4)
with V and Σ unchanged.∗∗∗ For nonzero ma, this SU(N) symmetry is explicitly
broken down to U(1)N−1, generated by Ha.
Setting Ψ = 0 in the Lagrangian (2.3), it reduces to the Ka¨hler quotient con-
struction of the (complex) Grassmann manifold GN,M = SU(N)/[SU(M)×SU(N−
M)×U(1)],38) and this suggests that the full Lagrangian is related to GN,M . Actu-
ally, for the massless case, this Lagrangian reduces to the HK quotient construction
of T ∗GN,M ,
22) generalizing the U(1) HK quotient construction39)–41) for T ∗CPN−1
(M = 1) with the Calabi metric.42)
Since we have introduced the mass parameter through the Ha generator, we will
eventually obtain a potential term that is the square of the tri-holomorphic Killing
vector corresponding to a linear combination of the matrices Ha, after eliminating
the vector multiplet.
Next, we eliminate the auxiliary superfields V and Σ in the superfield formalism.
From Eq. (2.3), we find that their equations of motion read †
∂L
∂V
= Φ†ΦeV − e−V ΨΨ † − c1M = 0 , (2.5)
∂L
∂Σ
= ΨΦ− b1M = 0 . (2.6)
∗∗∗ When b = 0, there exists an additional U(1) given by Φ → Φ′ = eiαΦ, Ψ → Ψ ′ = eiαΨ,Σ →
Σ′ = e−2iαΣ, but this is inconsistent with N = 2 SUSY.
† Here we take δX ≡ e−V δeV as an infinitesimal parameter of variation. Then, the equations
δtr (Φ†ΦeV ) = tr (Φ†ΦeV δX) and δtr (ΨΨ†e−V ) = −tr (e−V ΨΨ†δX) hold.
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Multiplying Eq. (2.5) by Φ†ΦeV from the left, we find(
Φ†ΦeV − c
2
1M
)2 − c2
4
1M − Φ†ΦΨΨ † = 0 . (2.7)
From the above equation, V can be easily solved, and we have
eV =
c
2
(Φ†Φ)−1
(
1M ±
√
1M +
4
c2
Φ†ΦΨΨ †
)
. (2.8)
Substituting this back into (2.3), we obtain the Ka¨hler potential for the Lindstro¨m-
Rocˇek metric,22)
K = c tr
√
1M +
4
c2
Φ†ΦΨΨ † − c tr log
(
1M +
√
1M +
4
c2
Φ†ΦΨΨ †
)
+ c tr logΦ†Φ ,
(2.9)
where we have used the formula tr logAB = tr logA+tr logB, which holds for any
square matrices A and B, and we have omitted constant terms because they vanish
under the superspace integration. Here we have chosen the plus sign in Eq. (2.8) to
realize the positivity of the metric. Using the N × N meson matrix of the gauge
invariant,
M = ΦΨ , (2.10)
the Ka¨hler potential can be rewritten as that in Ref. 8),
K = c
M
N
trN×N
√
1N +
N
M
4
c2
MM† − c M
N
trN×N log
(
1N +
√
1N +
N
M
4
c2
MM†
)
+c tr logΦ†Φ , (2.11)
where we have made explicit that the traces are taken in N ×N matrices, whereas
the previous ones M ×M .
The Ka¨hler potential (2.9) or (2.11) is strictly invariant under the full global
(flavor) SU(N) symmetry (2.4), because the mass term in the Lagrangian (2.3) does
not affect the D-term. In Eqs. (2.9) and (2.11), the first two terms are strictly
invariant under the gauge transformation (2.2) for the matter fields, but the third
term induces the Ka¨hler transformation
K → K ′ = K + ic trΛ− ic trΛ† . (2.12)
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Fixing this complexified U(M) gauge symmetry and solving the constraint (2.6),
we obtain the Lagrangian of the nonlinear sigma model in terms of independent
superfields. For this purpose, we should consider the two cases b = 0 and b 6= 0
separately. Note that the physics does not depend on this choice, as the two cases
are transformed into each other under the SU(2)R transformation. Although this
transformation does not preserve the holomorphy, these two cases merely involve
different complex structures.
i) b = 0. In this case, the gauge can be fixed as
Φ =
1M
ϕ
 , Ψ = (−ψϕ,ψ) , (2.13)
with ϕ and ψ being [(N −M)×M ]- and [M × (N −M)]-matrix chiral superfields,
respectively. Then, the superpotential becomes
W =
∑
a
matr
(−ψϕ,ψ)Ha
1M
ϕ
 =∑
a
matr
Ha
 −ψϕ ψ
−ϕψϕ ϕψ
 .
(2.14)
ii) b 6= 0. In this case, we can take the gauge as22)
Φ =
1M
ϕ
Q , Ψ = Q(1M , ψ) , Q = √b(1M + ψϕ)− 12 , (2.15)
with ϕ and ψ again being [(N−M)×M ]- and [M×(N−M)]-matrix chiral superfields,
respectively. In this case, the superpotential is given by
W = b
∑
a
matr
Ha
1M
ϕ
 (1M + ψϕ)−1(1M , ψ)
 . (2.16)
We can find the bundle structure of the manifold as follows. First, let us consider
the b = 0 case. Then, setting ψ = 0, the Ka¨hler potential becomes
K|ψ=0 = c tr log(1 + ϕ†ϕ) , (2.17)
which is that of the Grassmann manifold. Therefore, ϕ parameterizes the base Grass-
mann manifold, whereas ψ parameterizes the cotangent space as the fiber,22) with
the total space being the cotangent bundle over the Grassmann manifold T ∗GN,M .
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Next, consider the case b 6= 0. In the case of T ∗CPN−1 with M = 1, the base
manifold is embedded by ϕ = ψ†.40)††
The tri-holomorphic isometry group of this manifold is G = SU(N), whereas the
isotropy group is H = SU(M)×SU(N−M)×U(1), since the manifold is T ∗(G/H).
In each case b = 0 and b 6= 0, the action of g ∈ SU(N) is found to be as follows:
Φ→ Φ′ = gΦh−1(ϕ,ψ) , Ψ → Ψ ′ = h(ϕ,ψ)Ψg−1 . (2.18)
Here, h(ϕ,ψ) = e−iΛ(ϕ,ψ) is an induced gauge transformation called a ’compensator’.
This is needed to put gΦ and Ψg−1 back into the gauge slice, because they are not in
general in the gauge fixing condition (2.13) or (2.15). This makes the (base) manifold
a coset space G/H. Under the global SU(N) transformation, the Ka¨hler potential
undergoes the Ka¨hler transformation
K → K ′ = K + ctr log(h−1(ϕ,ψ))† + ctr log h−1(ϕ,ψ)
= K + ic trΛ(ϕ,ψ) − ic trΛ†(ϕ†, ψ†) , (2.19)
whereas the Ka¨hler metric is invariant. The tri-holomorphic Killing vectors for the
isometry SU(N) can be calculated from infinitesimal transformations of (2.18).
Here we give several more comments.
1. There exists a manifest duality between the two theories with the U(M) and
U(N−M) gauge symmetries and the same flavor SU(N) symmetry. This results
directly from the duality in the base Grassmann manifold GN,M ≃ GN,N−M .
2. For M = 1 (M = N −1), namely for the U(1) [U(N −1)] gauge symmetry, this
model reduces to T ∗CPN−1 ≃ T ∗GN,1 (≃ T ∗GN,N−1),42) which is discussed
in detail in Ref. 11). Moreover, if N = 2, the manifold T ∗CP 1 is the Eguchi-
Hanson space.43)
There are nontrivial models that do not reduce to T ∗CPN−1 target man-
ifold. The nontrivial model with the lowest dimensions of the target man-
ifold is the case with N = 4,M = 2. In this case, the manifold is T ∗G4,2 =
T ∗[SU(4)/SU(2)×SU(2)×U(1)] = T ∗[SO(6)/SO(4)×U(1)] ≡ T ∗Q4, in which
the base manifold Q4 is called the Klein quadric space.† † †
†† The embedding ϕ = ψ† should hold for a matrix with any value of M , although we have not
yet proved this.
††† For diffeomorphisms of base manifolds, see Ref. 44).
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§3. Vacuum structure
In the massless case, ma = 0, the moduli space of the vacua is T
∗GN,M itself
(the Higgs branch of N = 2 SUSY QCD7), 8)), since the low energy effective theory
has no potential term. However, once the mass term is switched on, most vacua are
lifted up, leaving some discrete points as vacua. First we consider the simpler case
of T ∗CPN−1 and then that of T ∗GN,M .
3.1. Vacua in the massive T ∗CPN−1 model
In this subsection, we investigate T ∗CPN−1 = T ∗GN,1 with M = 1. Without
loss of generality we consider the case b = 0 with c 6= 0. In this case, the dy-
namical matrix fields are column and row vectors like ϕT = (ϕ1, · · · , ϕN−1) and
ψ = (ψ1, · · · , ψN−1).
The superpotential given in (2.14) becomes
W =
∑
a
matr
Ha
 −ψ · ϕ ψ
−ϕ(ψ · ϕ) ϕ⊗ ψ
 . (3.1)
We choose Ha (a = 1, · · · , N − 1) as
Ha =
1√
a(a+ 1)
diag. (1, · · · , 1,−a, 0, · · · , 0) , (3.2)
where −a is the (a + 1)-th component, with the normalization given by the trace
tr (HaHb) = δab. Then the superpotential can be calculated as
W = −
∑
a
Maψ
aϕa , Ma ≡
√
a
a+ 1
ma +
a∑
b=1
mb√
b(b+ 1)
. (3.3)
Therefore the derivatives of W with respect to the fields are
∂ϕaW = −Maψa , ∂ψaW = −Maϕa (no sum) . (3.4)
These vanish only at the origin, ϕ = ψT = 0, provided that Ma 6= 0. This is the
only vacuum in the regular region of these coordinates, because the metric is regular
there.
However, this model contains more vacua, because the entire manifold is covered
by several coordinate patches, and a vacuum exists at the origin of each coordinate
patch. To see this, we temporarily concentrate on the base CPN−1. We consider the
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fields before the gauge fixing, Φ ≡ φA = (φ1, · · · , φN )T (A = 1, · · · , N), called the
homogeneous coordinates, in which we need an identification by the gauge transfor-
mation φA ∼ eiΛφA to realize the space CPN−1. In the region satisfying φ1 6= 0, we
can choose a patch ϕi = φi+1/φ1 (i = 1, · · · , N − 1), which was used in Eq. (2.13).
Here, let us write these coordinates as ϕi(1) = φ
i+1/φ1. In the same way, in the region
satisfying φA 6= 0, we can choose the A-th patch defined by
ϕi(A) =
φ
i/φA, (1 ≤ i ≤ A− 1)
φi+1/φA. (A ≤ i ≤ N − 1)
. (3.5)
We thus have N sets of patches {ϕi(A)}, which is sufficient to cover the whole base
manifold. Corresponding to each patch for the base space, we manifestly have an
associated patch for the fiber tangent space {ψi(A)}, from Eq. (2.13). These sets
of coordinates, {ϕi(A), ψi(A)}, are sufficient to cover the whole T ∗CPN−1. For each
patch, the origin ϕi(A) = ψ
i
(A) = 0 is a vacuum. Therefore, the number of discrete
vacua for the massive T ∗CPN−1 model is N . This result was first obtained in Ref.
27).
To investigate solitons like BPS walls, their junction and lumps, it may be better
to consider the problem in one coordinate patch. The other vacua appear in one
patch as the coordinate singularities of the metric in infinities of the coordinates
rather than the stationary points of the superpotential.45) To see this, we again
consider only the base CPN−1. We study how the A-th vacuum (A 6= 1) in the
origin of the A-th coordinate patch is mapped into the first patch. The A-th vacuum
is represented by ϕi(A) = 0 or φ
B/φA = 0 for all B (6= A). In the first coordinate
patch, this point is mapped to an infinite point represented by
ϕA−1(1) →∞ , ϕi(1)/ϕA−1(1) → 0 (i 6= A− 1), (3.6)
which appears to be a runaway vacuum in this patch. Hence, the origin and N − 1
infinities are vacua in each coordinate patch.45) To summarize, if we include runaway
vacua, one patch is sufficient to describe soliton solutions.‡ However, note that
the terminology “runaway“ is merely a coordinate-dependent concept, because a
‡ The domain wall solution connects the origin and the infinity in this parameterization for the
T ∗CP 1 case.11)
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runaway vacuum in one coordinate patch is a true vacuum in another coordinate
patch.
We can also study the vacua without referring to the local coordinate patches.
We concentrate on the base CPN−1 once again. A point in CPN−1 corresponds to
a complex line through the origin in CN with homogeneous coordinates φA, because
the gauge transformation corresponds to the equivalence relation φA ∼ eiΛφA. The
first vacuum is expressed in the region satisfying φ1 6= 0 by the relations ϕi(1) =
φi+1/φ1 = 0 (i = 1, · · · , N − 1), namely φi+1 = 0. Therefore, the first vacuum
corresponds to the φ1-axis. Similarly, the A-th vacuum corresponds to the φA-axis.
In this way, each vacuum is simply expressed by one orthogonal axis in CN . Note
that each axis is invariant under the U(1)N−1 transformation of Ha, and hence it is
a fixed point of this transformation.
If we take N orthogonal normalized basis vectors eA [with (eA)
∗ · eB = δAB],
whose components are given by
(eA)
B = δBA , (3.7)
then for any complex line in CN , there exists a unit vector e′ =
∑N
A=1 a
AeA = Ue1
that spans this line, where each aA is a complex number with
∑
A |aA|2 = 1 and U
is a unitary matrix, U ∈ U(N). Each of the N -vacua found above corresponds to a
different one of the vectors eA (A = 1, · · · , N) (with a zero value of the cotangent
space ψ = 0).
Example: the Eguchi-Hanson space.43) The simplest model is the Eguchi-Hanson
space, T ∗CP 1 (N = 2,M = 1). This model has two discrete vacua and admits a typ-
ical domain wall solution.11), 30) The vacua are located at the north and south poles
of the base CP 1 ≃ S2 (see Fig. 1). Corresponding to the two gauge fixing conditions
Φ =
1
z
 and Φ =
w
1
, we have the two coordinate patches z ≡ ϕ1(1) = φ2/φ1
and w ≡ ϕ1(2) = φ1/φ2, where we have z = 1/w. Two vacua are given by z = 0 and
w = 0. The second (first) vacuum, w = 0 (z = 0), is mapped to z = ∞ (w = ∞)
in the first (second) patch, which looks like a runaway vacuum. In homogeneous
coordinates, these correspond to 〈Φ〉 =
1
0
 ≡ e1 and 〈Φ〉 =
0
1
 ≡ e2, respec-
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domain wall
z = 0, ( w = 1 / z =     )
w= 0, ( z = 1 / w =     )
ϕ
ϕ
z = (1)
(2)w =
1
1
Fig. 1. The base manifold of T ∗CP 1 and vacua.
Corresponding to two gauge fixing conditions, we have two coordinates, z and w, covering
S2, except for the south (S) and north (N) poles, respectively. The origins of z and w ( N
and S, respectively) are both vacua. The domain wall solution, approaching these two vacua
at spatial infinities, is mapped to a trajectory connecting N and S in S2.
tively, with 〈Ψ〉 = (0, 0). Also, in a coordinate independent manner, these two vacua
correspond to the φ1 and φ2 axes, spanned by e1 and e2, respectively.
Before closing this subsection, we consider the case b 6= 0. In this case, The
superpotential (2.16) can be calculated, and we have
W =
b
1 + ψ · ϕ
(
L+
N−1∑
a=1
Naψ
aϕa
)
,
L ≡
N−1∑
a=1
ma√
a(a+ 1)
, Na ≡ −
√
a
a+ 1
ma +
N−1∑
b=a+1
mb√
b(b+ 1)
= L−Ma ,(3.8)
with Ma defined in (3.3). The derivatives of W are given by
∂ϕaW = − bψ
a
(1 + ψ · ϕ)2
[
L−Na +
N−1∑
b=1
(Nb −Na)ψbϕb
]
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= − bψ
a
(1 + ψ · ϕ)2
[
Ma −
N−1∑
b=1
(Mb −Ma)ψbϕb
]
,
∂ψaW = (ψ
a ↔ ϕa) , (3.9)
where the arrow in the second equation indicates the exchange of quantities in the
first equation. The origin, ϕa = ψa = 0, in each patch is a vacuum. There is no
vacuum other than these N vacua. The number of vacua should coincide with that
in the case with b = 0 and c 6= 0, because they are connected by the R-symmetry,
and the physics does not depend on the difference.
3.2. Vacua in the massive T ∗GN,M model
To determine the vacua of the T ∗GN,M model, we consider the case b = 0 and
c 6= 0, again without loss of generality. We write the matrix ϕ as (ϕiα) and ψ as
(ψαi), with the indices i = 1, · · · , N −M and α = 1, · · · ,M . The superpotential
given in Eq. (2.14) can be calculated as
W = −
M∑
α=1
N−M∑
i=1
Mαiϕiαψαi ,
Mαi ≡
√
i+M − 1
i+M
mi+M−1 −
√
α− 1
α
mα−1 +
i+M−1∑
a=α
ma√
a(a+ 1)
, (3.10)
where we have set m0 ≡ 0. For the case M = 1 (α = 1), this reduces to Eq. (3.3)
for T ∗CPN−1. The derivatives of superpotential given in (3.10) with respect to the
fields are
∂ϕiαW = −Mαiψαi , ∂ψαiW = −Mαiϕiα (no sum) . (3.11)
Therefore, the origin of these coordinates, ϕ = ψT = 0, is a vacuum, provided that
Mai 6= 0. This is the unique vacuum in the finite region of these coordinates where
the metric is regular. The number of vacua in this model is equal to the number of
coordinate patches, as in the T ∗CPN−1 case. In the first coordinate patch, we have
chosen the first M row vectors in Φ as the unit matrix, as in Eqs. (2.13) or (2.15).
The other coordinate patches are obtained by making other choices of the gauge
fixing conditions, with which the other sets of M row vectors in Φ form the unit
matrix. The number of such coordinate systems is NCM = N !/[M !(N −M)!]. They
are independent and sufficient to cover the entire manifold. Therefore, this model
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has N !/[M !(N −M)!] vacua. This number is invariant under the duality between
U(M) and U(N −M) gauge groups. It also reduces correctly to N for T ∗CPN−1
when M = 1 or M = N − 1.
As in the T ∗CPN−1 case, we can understand the vacua of T ∗GN,M without local
coordinates. A point in the base GN,M corresponds to an M -dimensional complex
hyperplane (M -plane) through the origin in CN . The vacua found above correspond
to mutually orthogonal M -planes spanned by M arbitrary sets of axes chosen from
the N axes. Therefore, the total number of vacua is NCM = N !/[M !(N −M)!].
Because the M -planes of vacua are invariant under U(1)N−1 generated by Ha, the
vacua are fixed points.
Choosing the basis (3.7) in CN , a point in GN,M expressed as an M -plane in
CN can be spanned by a set of M unit vectors,
(ei)
′ = Uei , (3.12)
where i = 1, · · · , N−M and U is a unitary matrix, U ∈ U(N). The vacua of mutually
orthogonal M -planes are spanned by M arbitrary sets of basis vectors among the
orthogonal N -basis.
The duality becomes manifest in this framework. We can represent a point in
GN,M by an (N −M)-plane that is the complement of an M -plane.
Example: the cotangent bundle over the Klein quadric. We now consider the
example of the Klein quadric T ∗G4,2 = T
∗Q4 (N = 4 andM = 2). In this case, there
exist six coordinate systems ϕ
(A)
iα (A = 1, · · · , 6) for the base manifold corresponding
to six choices of gauge fixing, given by
Φ =

1 0
0 1
ϕ
(1)
11 ϕ
(1)
12
ϕ
(1)
21 ϕ
(1)
22
 ,

1 0
ϕ
(2)
11 ϕ
(2)
12
0 1
ϕ
(2)
21 ϕ
(2)
22
 ,

1 0
ϕ
(3)
11 ϕ
(3)
12
ϕ
(3)
21 ϕ
(3)
22
0 1
 ,

ϕ
(4)
11 ϕ
(4)
12
1 0
0 1
ϕ
(4)
21 ϕ
(4)
22
 ,

ϕ
(5)
11 ϕ
(5)
12
1 0
ϕ
(5)
21 ϕ
(5)
22
0 1
 ,

ϕ
(6)
11 ϕ
(6)
12
ϕ
(6)
21 ϕ
(6)
22
1 0
0 1
 . (3.13)
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Together with the corresponding coordinates ψ
(A)
αi for the cotangent space in Eq. (2.13),
these six sets of coordinate systems are sufficient to cover the entire manifold. There-
fore this model has the six vacua given by
〈Φ〉 =

1 0
0 1
0 0
0 0
 ,

1 0
0 0
0 1
0 0
 ,

1 0
0 0
0 0
0 1
 ,

0 0
1 0
0 1
0 0
 ,

0 0
1 0
0 0
0 1
 ,

0 0
0 0
1 0
0 1
 ,
(3.14)
which are the respective for the six choices given in (3.13), with 〈Ψ〉 = 0. The set of
two column vectors in each matrix in Eq. (3.14) constitutes a set of orthogonal basis
vectors ei chosen from the four basis vectors.
In the case b 6= 0, the superpotential (2.16) is
W = b
N−1∑
a=1
∞∑
n=0
(−1)nmatr
Ha
 (ψϕ)n (ψϕ)nψ
ϕ(ψϕ)n (ϕψ)n+1

= b
N−1∑
a=1
∞∑
n=0
(−1)nmatr
Ha
(ψϕ)n 0
0 (ϕψ)n+1
 , (3.15)
where the last equality holds because the matrices Ha are diagonal. Similarly to the
T ∗CPN−1 case, the origin ϕ = ψT = 0 of each patch is a vacuum and we cannot
have any other vacua.
§4. Massive HK quotient in the Wess-Zumino gauge
In the previous sections, we eliminated N = 2 vector multiplets (as auxiliary
superfields) without taking the Wess-Zumino gauge. In this section, we take the
Wess-Zumino gauge, derive the bosonic action, and investigate vacua.
4.1. Lagrangian in the Wess-Zumino gauge
It is difficult to calculate the scalar potential without taking the Wess-Zumino
gauge, because the inverse metric is difficult to obtain. On the other hand, in the
Wess-Zumino gauge, the scalar potential can be directly obtained, while the Ka¨hler
potential and the superpotential cannot be calculated easily. We calculate the scalar
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potential in this subsection. We represent the lowest components in the superfields
using the same letters as we have used for the corresponding superfields.
In the Wess-Zumino gauge, the bosonic action of (2.3) is given by
Lboson = Lkin + Lconstr + Lpot, (4.1)
in which each term is given by
Lkin = −tr
[
(∂µΦ
† − ivµΦ†)(∂µΦ+ iΦvµ)
]
− tr
[
(∂µΨ − ivµΨ)(∂µΨ † + iΨ †vµ)
]
= −tr (∂µΦ†∂µΦ+ ∂µΨ∂µΨ †) + itr
[
vµ(Φ†
↔
∂ µ Φ+ Ψ
↔
∂ µ Ψ
†)
]
−tr
[
vµvµ(Φ
†Φ+ ΨΨ †)
]
, (4.2)
Lconstr = tr [D(Φ†Φ− ΨΨ † − c1M )] + tr [FΣ(ΨΦ− b1M ) + c.c.], (4.3)
Lpot = tr (F †ΦFΦ + FΨF †Ψ )
+
[
tr {Σ(FΨΦ+ ΨFΦ)}+
∑
a
matr (FΨHaΦ+ ΨHaFΦ) + c.c.
]
≡ −V (Φ, Ψ,Σ), (4.4)
where we have defined A
↔
∂ µ B ≡ A(∂µB)− (∂µA)B.
The equation of motion for the gauge field vµ without the kinetic term in (4.1)
reads
∂L/∂vµ = −{vµ, (Φ†Φ+ ΨΨ †)}+ i(Φ†
↔
∂ µ Φ+ Ψ
↔
∂ µ Ψ
†) = 0 . (4.5)
Here { , } is an anti-commutator. This equation can be solved by expanding fields
that takes values in the Lie algebra in terms of the M ×M matrix TA of the funda-
mental representation of U(M) generators
vµ ≡ vAµ TA, tr (TATB) = δAB
Φ†Φ+ ΨΨ † ≡ AATA, A˜AB ≡ 1
2
tr ({TA, TB}TC)AC ,
i(Φ†
↔
∂ µ Φ+ Ψ
↔
∂ µ Ψ
†) ≡ BAµ TA. (4.6)
Then we can express the gauge fields vµ in terms of the dynamical scalar fields,
solving the equation of motion (4.5) as
vAµ =
1
2
(
A˜−1
)
AB
BBµ . (4.7)
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If we eliminate the gauge field using this algebraic equation of motion, we obtain the
kinetic term for hypermultiplets as
Lkin = −tr (∂µΦ†∂µΦ+ ∂µΨ∂µΨ †) + 1
4
BAµ
(
A˜−1
)
AB
BBµ . (4.8)
If we integrate the Lagrange multiplier fields D and FΣ in (4.3), we obtain three
real constraints
Φ†Φ− ΨΨ † = c1M , ΨΦ = b1M . (4.9)
The left-hand sides of these relations constitute the triplet of the moment map
(Killing potential) for the U(M) gauge symmetry. These values are fixed to the
FI parameters, and the hyper-Ka¨hler quotient is obtained together with the U(M)
quotient given in (4.7).
The Lagrangian (4.4) gives the following algebraic equations of motion for the
auxiliary fields FΦ and FΨ :
F †Φ = −ΣΨ −
∑
a
maΨHa, F
†
Ψ = −ΦΣ −
∑
a
maHaΦ. (4.10)
After eliminating the auxiliary fields FΦ and FΨ using these algebraic equations of
motion, we obtain the potential term V in Eq.(4.4) as
V (Φ, Ψ,Σ) = tr (F †ΦFΦ + FΨF
†
Ψ )
= tr
(
(ΣΨ +
∑
a
maΨHa)(Ψ
†Σ† +
∑
b
m∗bHbΨ
†)
+ (Σ†Φ† +
∑
a
m∗aΦ
†Ha)(ΦΣ +
∑
b
mbHbΦ)
)
= tr
(
Σ†ΣΨΨ † +
∑
ab
mam
∗
bΨHaHbΨ
†
)
+tr
(
ΣΣ†Φ†Φ+
∑
ab
m∗ambΦ
†HaHbΦ
)
+
∑
a
tr
((
m∗aΣ +maΣ
†
)(
Φ†HaΦ+ ΨHaΨ
†
))
. (4.11)
Next, to eliminate Σ, we define the following quantities:
Σ ≡ ΣATA, Σ† = ΣA∗TA,
ΨΨ † ≡ CATA, C˜AB ≡ tr (TATBTC)CC ,
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Φ†Φ ≡ DATA, D˜AB ≡ tr (TBTATC)DC ,∑
a
m∗a
(
Φ†HaΦ+ ΨHaΨ
†
)
≡ EATA. (4.12)
Because the equation of motion for Σ is purely algebraic, we can eliminate it as
ΣA = −
((
C˜ + D˜
)−1)
AB
EB∗, ΣA∗ = −EB
((
C˜ + D˜
)−1)
BA
. (4.13)
After eliminating the auxiliary fields Σ in the N = 2 vector multiplet (V,Σ) using
its algebraic equation of motion, we obtain the potential in terms of dynamical scalar
fields,
V (Φ, Ψ) = tr
(∑
ab
(
mam
∗
bΨHaHbΨ
† +m∗ambΦ
†HaHbΦ
))
−EA
((
C˜ + D˜
)−1)
AB
EB∗. (4.14)
4.2. Vacua in the massive T ∗CPN−1 model
We first focus on the vacua of the T ∗CPN−1 model (the M=1 case). Here, we
are interested in the SUSY vacua. SUSY vacua correspond to vanishing auxiliary
fields FΦ and FΨ , i.e.,
0 = −F †
Φi
= Ψi(Σ + m˜i), (4.15)
0 = −F †Ψi = (Σ + m˜i)Φi, (4.16)
and the constraints
0 = Φ†iΦ
i − ΨiΨ †i − c, (4.17)
0 = ΨiΦ
i − b , (4.18)
where we have defined m˜i by
∑
amaHa = diag.(m˜1, m˜2, . . . , m˜N ), with
∑N
i=1 m˜i = 0.
We assume a generic mass m˜i 6= m˜j ‡‡ and that either b or c has a nonzero value.
‡‡ This assumption is the same as the assumption Ma 6= 0, which was made in the study of the
vacua in §3.1. Indeed, the condition m˜i 6= m˜j for any combination of i and j (i 6= j) is equivalent
to the condition Ma 6= 0 for all a in all patches. If m˜i = m˜j holds for a pair i and j, there is a
patch where Ma = 0 for one a. The vacuum is then not localized at the origin of the patch, and
hence continuous vacua appear. Therefore, the discussion in §3.1 no longer holds. For instance, in
the N = 3 case, the relation Ma = m˜3 − m˜a holds in the patch, and therefore we have Φ
t = (ϕ, 1)t
and Ψ = (ψ,−ψϕ) instead of (2.13). It is easily seen that M2 = 0 if m˜2 = m˜3, while M1 6= 0.
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Equation (4.15) implies Ψi = 0 or
Σ = −m˜i, (4.19)
with Ψi 6= 0 for some i (= 1, 2, · · · , N). In the case Σ 6= −m˜i for all i, we have
Φ = 0 and Ψ = 0, from Eqs. (4.15) and (4.16). However, Φ = ΨT = 0 is inconsistent
with Eq. (4.17) for c 6= 0 or with Eq. (4.18) for b 6= 0. Therefore Eq. (4.19) must
hold for some i, and Φi and/or Ψi can be nonzero for such i. Hence, there exist N
vacua labelled by i = 1, · · · , N . To determine the vacuum expectation values of Φi
and Ψi for the i-vacuum, let us assume b = 0 and c 6= 0, without loss of generality.
Then, from Eq. (4.18) with b = 0, Φi or Ψi must be zero. Using Eq. (4.17), we obtain
|Φi| = √c and Ψi = 0 if c > 0 or Φi = 0, and |Ψi| =
√−c if c < 0. In the case c = 0
and b 6= 0, we obtain Φi = √beiθ and Ψi =
√
be−iθ with an arbitrary phase θ. We
thus have found N discrete vacua.
4.3. Vacua in the massive T ∗GN,M model
The analysis of vacua for the massive T ∗CPN−1 model in the previous subsection
can be generalized to the case of the massive T ∗GN,M model. The vacuum conditions
in this case are given by
0αi = −F †Φαi = (Σαβ + δαβm˜i)Ψβi, (4.20)
0iα = −F †iαΨ = Φiβ(Σβα + δβαm˜i), (4.21)
along with the constraints
0 βα = Φ
†
αiΦ
iβ − ΨαiΨ †iβ − cδ βα , (4.22)
0 βα = ΨαiΦ
iβ − bδαβ , (4.23)
where α, β = 1, · · · ,M are gauge indices. Using the U(M) gauge rotation, Σ can be
diagonalized:
Σ = diag.(Σ1, Σ2, · · · , ΣM ), (4.24)
Σ1 +Σ2 + · · · +ΣM =MΣ0. (4.25)
To infer the consequences of Eqs. (4.20) and (4.21), we should consider two cases
separately, that in which Σα + m˜i 6= 0 for some α and all i and that in which
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Σα + m˜i = 0 for all α and some i. In the former case, we get Φ = 0 and Ψ = 0.
However, these are inconsistent with (4.22) for c 6= 0 and with (4.23) for b 6= 0, and
hence they do not represent a solution. In the latter case, let us assume the generic
case for masses, i.e. m˜i 6= m˜j. ‡ ‡ ‡ The eigenvalue equation (4.21) for Σα gives the
eigenvalue Σα = −m˜i corresponding to the eigenvector formed by the α-th column
vector, (Φ1α, · · · , ΦNα)T , with only a single nonvanishing element. Similarly, the
eigenvalue equation (4.20) gives the same eigenvalue Σα = −m˜i corresponding to
the eigenvector formed by the α-th row vector, (Ψα1, · · · , ΨαN ), with only a single
nonvanishing element. Explicitly, we have
Φ =

0
...
Φiα
0
...

, Ψ =
(
0 · · · Ψαi 0 · · ·
)
. (4.26)
Since there are N different masses m˜i, there are N corresponding nontrivial eigenvec-
tors of the form given in (4.26). The diagonal Σα should be equal to one such mass,
−m˜i. We have M different diagonal elements Σα (α = 1, · · · ,M). Therefore, we
obtain NCM possibilities of different vacua, counting a vacua related by relabelling
of the gauge indices α as equivalent. The values of the nonvanishing elements Φiα
and Ψαi of the eigenvectors in Eq. (4.26) are explicitly determined by the constraints
(4.22) and (4.23):
|Φiα|2 − |Ψαi|2 = c, (4.27)
ΨαiΦ
iα = b (no sum). (4.28)
Let us again assume b = 0 and c 6= 0. Then, if c > 0, we have |Φiα| = √c and
Ψαi = 0, and if c < 0, we have Φ
iα = 0 and |Ψαi| =
√−c. Thus, we obtain the same
result as in the previous section. In the case b 6= 0 and c = 0, we have Φiα = √beiθ
and Ψαi =
√
be−iθ, with an arbitrary phase θ.
For example, let us consider the case M = 2, N = 4 again. In this case, there
‡‡‡ As in the case of the T ∗CPN−1 model, it can be confirmed that this assumption is the same
as Mai 6= 0 used in §3.2.
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are 4C2 = 6 solutions for both Φ and Ψ :
Φ =

Φ11 0
0 Φ22
0 0
0 0
 ,

Φ11 0
0 0
0 Φ32
0 0
 ,

Φ11 0
0 0
0 0
0 Φ42
 ,

0 0
Φ21 0
0 Φ32
0 0
 ,

0 0
Φ21 0
0 0
0 Φ42
 ,

0 0
0 0
Φ31 0
0 Φ42
 , (4.29)
and
Ψ =
Ψ11 0 0 0
0 Ψ22 0 0
 ,
Ψ11 0 0 0
0 0 Ψ23 0
 ,
Ψ11 0 0 0
0 0 0 Ψ24
 ,
0 Ψ12 0 0
0 0 Ψ23 0
 ,
0 Ψ12 0 0
0 0 0 Ψ24
 ,
0 0 Ψ13 0
0 0 0 Ψ24
 .(4.30)
Clearly, for b = 0 and c 6= 0, we obtain |Φiα| = √c and Ψαi = 0 if c > 0 and Φiα = 0
and |Ψαi| =
√−c if c < 0.
§5. Massive HK quotient with respect to SU(M) gauge group
In this subsection, we construct the massive HK sigma model with the SU(M)
gauge group. We eliminate the vector multiplets in the superfield formalism and find
that this model does not have discrete vacua. Because we can carry out the same
analysis in the case of Wess-Zumino gauge as in the case of the U(M) gauge group,
we do not repeat it.
5.1. Massive HK Sigma Model with SU gauge group
In this section, we consider N = 2 SUSY QCD with N flavors and the SU(M)
gauge group. We employ the same matter field content as with T ∗GN,M , but here,
the gauge multiplets take values in the Lie algebra SU(M), i.e., V = V ATA and
Σ = ΣATA, where TA represents the generators of SU(M). Then, the Lagrangian
22 Masato Arai, Nuneto Nitta, Norisuke Sakai
is given by
L =
∫
d4θ
[
tr (Φ†ΦeV ) + tr (ΨΨ †e−V )
]
+
[∫
d2θ
(
tr (ΣΨΦ) +
N−1∑
a=1
matr (ΨHaΦ)
)
+ c.c.
]
. (5.1)
There are no FI parameters, because there is no U(1) gauge symmetry. The SU(M)
gauge transformation is obtained in the same way as in the U(M) case, and it is
complexified to SU(M)C = SL(M,C). This model has the additional U(1)D flavor
symmetry
Φ→ Φ′ = eiλΦ , Ψ → Ψ ′ = e−iλΨ, (5.2)
which was gauged in the U(M) case. In the massless limit, ma → 0, the total flavor
symmetry is U(N) = SU(N)×U(1)D. With a non-vanishing mass term, this U(N)
is explicitly broken down to U(1)N .
We eliminate all auxiliary superfields in the superfield formalism. Then, the
equations of motion for V and Σ readx
∂L
∂XA
= tr [(Φ†ΦeV − e−V ΨΨ †)TA] = 0 , (5.3)
∂L
∂ΣA
= tr (ΨΦTA) = 0 , (5.4)
respectively. These equations imply
Φ†ΦeV − e−V ΨΨ † = C1M , (5.5)
ΨΦ = B1M , (5.6)
respectively, where C(x, θ, θ¯) and B(x, θ, θ¯) are vector and chiral superfields in the
N = 1 superfield formalism.xi
The gauge field V can be obtained in terms of the dynamical fields from Eq. (5.5)
as
eV =
1
2
(Φ†Φ)−1
(
C1M ±
√
C21M + 4Φ†ΦΨΨ †
)
. (5.7)
x Here we take the Maurer-Cartan 1-form δX = δXATA ≡ e
−V δeV as an infinitesimal param-
eter of variation, as in the case of T ∗GN,M . Then, the equations δtr (Φ
†ΦeV ) = tr (Φ†ΦeV TA)δX
A
and δtr (ΨΨ†e−V ) = −tr (e−V ΨΨ†TA)δX
A hold.
xi We can understand how C satisfies the condition for a vector superfield, C† = C, if we rewrite
Eq. (5.5) as e
V
2 Φ†Φe
V
2 − e−
V
2 ΨΨ†e−
V
2 = C1M .
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Then, because the equation det eV = 1 holds, we obtain the equation
det
(
C1M ±
√
C21M + 4Φ†ΦΨΨ †
)
= 2M det(Φ†Φ) , (5.8)
which enables us to express C in terms of dynamical fields implicitly: C = C(Φ,Φ†;Ψ, Ψ †).
On the other hand, Eq. (5.6) implies
B =
1
M
tr (ΦΨ) . (5.9)
Substituting the solution (5.7) back into the Lagrangian (5.1), we obtain the
Ka¨hler potential
K = ±tr
√
C2(Φ,Φ†;Ψ, Ψ †)1M + 4Φ†ΦΨΨ † , (5.10)
with C satisfying the constraint (5.8). We should choose the plus sign to realize
the positivity of the metric. Using the N × N meson matrix M = ΦΨ , the Ka¨hler
potential can be rewritten as8)
K =
M
N
trN×N
√
C21N + 4
N
M
MM† . (5.11)
The Ka¨hler potential (5.10) or (5.11) is strictly invariant under the full global (flavor)
U(N) symmetry, because the mass term in the Lagrangian (5.1) does not affect the
D-term.
Let us stipulate the complex gauge symmetry SU(M)C = SL(M,C) to express
the Lagrangian in terms of independent superfields. We can employ a gauge that is
similar to that in the b 6= 0 case in T ∗GN,M :
Φ = σ
1M
ϕ
P , Ψ = P (1M , ψ)ρ , P = (1M + ψϕ)− 12 . (5.12)
Here ϕ and ψ are [(N −M) ×M ]- and [M × (N −M)]-matrix chiral superfields,
respectively, and σ and ρ are chiral superfields satisfying σρ = B from Eq. (5.9). We
can consider σ and ρ to be independent fields among the three fields σ, ρ and B.
Substituting Eq. (5.12) into the Ka¨hler potential (5.10), we obtain the Ka¨hler
potential in terms of the independent fields ϕ,ψ, ρ, σ and their conjugates. The
superpotential also can be calculated as
W =
∑
a
maσρ tr
Ha
1M
ϕ
 (1M + ψϕ)−1(1M , ψ)
 . (5.13)
24 Masato Arai, Nuneto Nitta, Norisuke Sakai
This target manifold has the isometry U(N) = SU(N)×U(1)D, in which the SU(N)
part is the same as that in the case of T ∗GN,M . The Ka¨hler potential does not
undergo the Ka¨hler transformation. As for the symmetry of the Lagrangian, the
superpotential is invariant under the U(1) fiber symmetry originating from (5.2),
σ → σ′ = eiλσ , ρ→ ρ′ = e−iλρ , (5.14)
in addition to the U(1)N−1 symmetry of the massive T ∗GN,M model. Gauging
this U(1)D symmetry, we obtain the T
∗GN,M model again, by definition. Gauging
the U(1)D symmetry implies fixing B and C in the constraints (5.8) and (5.9) as
constants. Then, these constraints fixing become identical to those in the T ∗GN,M
case (2.5) and (2.6), respectively.
The above discussion clarifies the bundle structure: The set of σ and ρ con-
stitutes a fiber of quaternion with manifold as a whole being the quaternionic line
bundle over T ∗GN,M .
It is interesting that we can define the same model using a Lagrangian similar
to that in the T ∗GN,M case if we promote the FI-parameters b and c in the T
∗GN,M
model to the chiral and vector superfields B(x, θ, θ¯) and C(x, θ, θ¯), respectively, con-
stituting an N = 2 vector multiplet without a kinetic term. Then, the Lagrangian
has precisely the same field content as that for T ∗GN,M
xii :
L =
∫
d4θ
[
tr (Φ†ΦeV ) + tr (ΨΨ †e−V )− C trV
]
+
[∫
d2θ
(
tr {Σ(ΨΦ−B1M)}+
N−1∑
a=1
matr (ΨHaΦ)
)
+ c.c.
]
. (5.15)
In this case, the equations of motion for V , Σ, B and C read
∂L
∂V
= Φ†ΦeV − e−V ΨΨ † − C1M = 0 , ∂L
∂Σ
= ΨΦ−B1M = 0 , (5.16)
∂L
∂B
= −trΣ = 0 , ∂L
∂C
= −trV = 0 . (5.17)
We thus have the same constraints as in the model (5.1). The technique of promot-
ing an FI-parameter to a superfield was used in Ref. 44) to construct the complex
xii N = 2 SUSY with this action can be understood by considering the transformation of the
U(1)J group which is the subgroup of SU(2)R under which θ → e
iαθ, Φ→ eiαΦ, Ψ → e−iαΨ, V →
V, Σ → Σ, C → C and B → B.
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canonical line bundle over GN,M in an N = 1 (four SUSY) theory, where an addi-
tional superfield σ relative to GN,M appeared and was identified with the fiber of a
complex line. Returning to N = 2, we obtain the total manifold as the cotangent
bundle over the complex line bundle on GN,M , where ρ (ψ) serves as the cotangent
fiber over σ (ϕ). We have thus found that the space possesses two equivalent bundle
structures. We may need to transform σ and ρ to some fields σ′ and ρ′ in order to
avoid coordinate singularities, as in the four SUSY case.44)
Other gauge groups: SO and Sp
The equations of motion for V and Σ takes the same form as Eqs. (5.3) and (5.4)
for any gauge group. However, the right-hand side of Eq.(5.5) must be a symmetric
tensor for the SO(M) gauge group, and the right-hand side of Eq.(5.6) must be a
pseudo-symmetric tensor for the Sp(M) gauge group.
5.2. Vacua of SU gauge theories
We now seek the vacua of the HK sigma model with the SU gauge group. The
superpotential (5.13) of this model can be rewritten as
W = σρ
N−1∑
a=1
∞∑
n=0
(−1)nmatr
Ha
(ψϕ)n 0
0 (ϕψ)n+1
 ≡ σρWU , (5.18)
where WU (times b) denotes the superpotential (2.16) or (3.15) of the U(M) gauge
group with b 6= 0. The derivatives of the superpotential with respect to the fields are
given by ∂ψW = σρ∂ψWU , ∂ϕW = σρ∂ϕWU , ∂ρW = σWU and ∂σW = ρWU . The
vacuum condition is given by σ = ρ = 0, because ∂WU = 0 holds only at ϕ = ψ
T = 0,
as found in the previous section, but we have WU 6= 0 there. Therefore, this model
has no discrete vacua, and so there cannot be any wall solution.
Vacua of the massive HK sigma model with the SU(M) gauge group may have
a similarity with that with the U(M) gauge group, the massive T ∗GN,M model, in
a particular limit. In the latter model, there exist the FI-parameters b and c, which
represent the radius of the base GN,M , and the discrete vacua are attached to this
manifold. In the limit of vanishing b and c, a singularity appears. All of the discrete
vacua go to that point, and as a result there are no sets of discrete vacua. Because
the massive HK sigma model with the SU(M) gauge group cannot contain the FI
parameters from the beginning, we believe that this model has no discrete vacua. It
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is thus seen that the FI-parameters seem to play an essential role in determining the
existence of discrete vacua.
§6. Formulation in the harmonic superspace
In this section we formulate our models with U(M) and SU(M) gauge symme-
tries using the HSF. Massless nonlinear sigma models with toric and non-toric HK
manifolds using the HSF were originally considered in Refs. 46) and 47) using the
quotient construction. Massive nonlinear sigma models with toric HK manifolds,
like the Taub-NUT48) metric and the Eguchi-Hanson metric, have also been stud-
ied.11), 48) We construct massive HK sigma models with our non-toric HK manifolds
using HSF. One advantage of constructing massive nonlinear sigma models using the
HSF is that N = 2 SUSY is manifest in this case. It is easy to extend these models
to cases with other flavor and gauge symmetries.
We first present the actions of the U(M) and SU(M) models in terms of the
harmonic superfields. Next, we derive their component actions in the Wess-Zumino
gauge. We find that the scalar potential is represented by auxiliary fields in the
hypermultiplet analytic superfield and we obtain a vacuum condition that is identical
to that in the N = 1 formulation. Finally, we obtain the same result regarding the
vacua as in the N = 1 formulation. We follow the notation of Ref. 11).
6.1. Massive HK sigma model with U(M) and SU(M) gauge groups
First of all, we consider the model with U(M) gauge symmetry. The HSF action
for the sigma models with U(M) and SU(M) gauge symmetries can be described
by two kinds of analytic superfields, which are hypermultiplet and vector multiplet
analytic superfields. A hypermultiplet is defined by the analytic superfield q+aα (a =
1, · · · , N, α = 1, . . . ,M) in the fundamental representation of the SU(N) flavor
symmetryxiii and the U(M) gauge symmetry, which is a function in the harmonic
analytic N = 2 superspace
ζA = (x
µ
A, θ
+, θ¯+, u±i ) , (6.1)
xiii To avoid confusion with the SU(2)R indices i = 1, 2 of the harmonic variable, we denote the
SU(N) flavor indices by a = 1, · · · , N in the following.
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where the coordinates u+i, u−i, u+iu−i = 1 (i = 1, 2) are the SU(2)R/U(1)r har-
monic variables. Here U(1)r is a diagonal subgroup of SU(2)R. The U(M) gauge
transformation for the hypermultiplet is given by
q+aα → (e−iλ(ζA,u))αβq+aβ , (6.2)
where λ = λATA [TA being the generator of the U(M) gauge symmetry] is the real
analytic superfield with U(1)r charge 0, which represents the gauge transformation
parameter. The vector multiplet V ++ = V A++TA is defined as the real analytic
superfield, that is, V˜ ++ = V ++, where the tilde denotes conjugation which is the
combination of complex conjugation and the star conjugation.11), 37) The action of
the tilde conjugation on ζA is defined as
x˜µA = x
µ
A, θ˜
+ = θ¯+, ˜¯θ+ = −θ+, u˜±i = u±i , u˜±i = u±i . (6.3)
The vector multiplet superfield transforms under the U(M) gauge transformation as
V ++ → e−iλV ++eiλ − ie−iλD++eiλ , (6.4)
where D++ is the covariant derivative defined by
D++ = ∂++ − 2iθ+σµθ¯+∂Aµ , ∂++ = u+i
∂
∂u−i
, ∂Aµ =
∂
∂xµA
. (6.5)
The infinitesimal forms of (6.2) and (6.4) are
δq+ = −iλq+ , (6.6)
δV ++ = D++λ− i[λ, V ++] . (6.7)
The action of the massive T ∗GN,M model is invariant under these transformations,
and it is given by
S = −
∫
dζ
(−4)
A du
{
q˜+aα(D
++ + iV ++)αβq
+aβ + ξ++tr(V ++)
−
N−1∑
A=1
q˜+aα(θ
+2m¯A − θ¯+2mA)(HA)abq+bα
}
, (6.8)
where dζ
(−4)
A du = d
4xAd
2θ+d2θ¯+du is the measure of the integration over analytic
superspace given (6.1), ξ++ = ξ(ij)u+(iu
+
j) is the coefficient of the FI term [which is
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the SU(2)R triplet], mA represents complex mass parameters, and HA represents the
diagonal generators of the Cartan subalgebra of SU(N) defined in (2.3). Here, the
tilde conjugation acts not on the gauge and flavor indices but on the U(1)r charge.
The quantity V ++ serves as the Lagrange multiplier. Integrating the vector multi-
plet, it gives a constraint for the hypermultiplet. At the component level, it gives a
constraint on the scalars and fermions, and it makes the target manifold nontrivial,
as we see in the next subsection. We have absorbed a common hypermultiplet mass
through a shift of the analytic superfield V ++. In the limit mA → 0, the action (6.8)
becomes that of the massless T ∗GN,M model, whose isometry is SU(N). The mass
term explicitly breaks SU(N) down to U(1)N−1. This feature is identical to that in
the case of the N = 1 formalism.
Next we consider the model with SU(M) gauge symmetry. This quotient action
can be easily obtained by restricting the gauge symmetry U(M) to SU(M) in the
action (6.8). In this case, the FI term does not exist, since the theory no longer
possesses U(1) gauge symmetry. The action is given by
S = −
∫
dζ
(−4)
A du{q˜+aα(D++ + iV ++)αβq+aβ
−
N−1∑
A=1
q˜+aα(θ
+2m¯A − θ¯+2mA)(HA)abq+bα} . (6.9)
Note again that the theory has an additional U(1) global symmetry, like the N = 1
formulation. The total global symmetry in the mA = 0 case is U(N). The global
symmetry U(N) is broken down to U(1)N when there exists a non-vanishing mass
term.
We can obtain the nonlinear sigma model action in terms of the independent
harmonic superfields by fixing the gauge symmetry and solving the constraint, as in
the N = 1 formulation. The resulting action can be described by the independent
analytic superfields of hypermultiplets. However, it is often difficult to decompose
the action consisting independent superfields into a component action, because the
kinematical part of the equations of motion, which is necessary to obtain the com-
ponent action, is difficult to solve. Instead, we can easily solve the kinematical part
of the equations of motion when we employ the Wess-Zumino gauge and can obtain
the explicit form of the component action. This gauge is particularly convenient to
Vacua of Massive Hyper-Ka¨hler Sigma Models with Non-Abelian Quotient 29
understand the vacua of theories in the HSF.
6.2. Scalar potential in the Wess-Zumino gauge
We now focus on the U(M) case. In the following, we write the mass matrix as
ΣN−1A=1mAHA ≡ m˜ and ΣN−1A=1 m¯AHA ≡ ¯˜m . In this case, the action can be rewritten
as
S =
∫
dζ
(−4)
A du
{
q¯+aα(D
++
cc + iV
++)αβq
+aβ − ξ++tr (V ++)
}
, (6.10)
where we have used q˜+ = −q¯+ and the definition of the covariant derivative including
the mass term
D++cc ≡ ∂++ − 2iθ+σµθ¯+∂Aµ − (θ+2 ¯˜m− θ¯+2m˜) . (6.11)
The equations of motion are
0 = (D++cc + iV
++)αβq
+aβ , (6.12)
0 = q¯+aαi(TA)
α
βq
+aβ − ξ++tr(TA) , (6.13)
where (6.12) includes kinematical and dynamical parts of the equations of motion,
and (6.13) is a constraint. In the HK sigma model, we are only interested in the
bosonic components. To obtain the bosonic Lagrangian, we have to solve the kine-
matical part of the equations of motion to eliminate the infinite set of auxiliary fields.
To solve the kinematical part, we substitute the Grassmann expansion of the ana-
lytic superfields into the above equations. In the Wess-Zumino gauge, the bosonic
components in the Grassmann expansion of the analytic superfields q+aα and V ++
are given by
q+aα = F+aα + θ+2M−aα + θ¯+2N−aα + iθ+σµθ¯+A−aαµ + θ
+2θ¯+2D(−3)aα,(6.14)
V ++ = θ+2M¯v + θ¯
+2Mv + iθ
+σµθ¯+(−2Vµ) + θ+2θ¯+2D(−−)v , (6.15)
where each component in V ++ is a Lie algebra-valued field, for example Mv =
MAv TA, and D
(−−)
v ≡ D(ij)v u−i u−j . Note that the components in V ++ do not depend
on the harmonic variables, whereas the components in q+ include the harmonic
variables. Substituting them into (6.12), we obtain the following kinematical part of
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the equations of motion
0 = ∂++F+aα , (6.16)
0 = ∂++M−aα − ¯˜mabF+bα + iM¯vαβF+aβ , (6.17)
0 = ∂++N−aα + m˜abF
+bα + iMv
α
βF
+aβ , (6.18)
0 = ∂++A−aαµ − 2∂Aµ F+aα − 2iVµαβF+aβ . (6.19)
The equations (6.16)–(6.19) can be easily solved, and we find
F+aα(xA, u) = f
iaα(xA)u
+
i , (6.20)
M−aα(xA, u) = ¯˜m
a
bf
ibα(xA)u
−
i − i(M¯v)αβf iaβ(xA)u−i , (6.21)
N−aα(xA, u) = −m˜abf ibα(xA)u−i − i(Mv)αβf iaβ(xA)u−i , (6.22)
A−aαµ (xA, u) = 2∂
A
µ f
iaα(xA)u
−
i + 2i(Vµ)
α
βf
iaβ(xA)u
−
i . (6.23)
Note that the Lagrange multipliers Vµ and Mv remain, although an infinite set of
auxiliary fields have been eliminated.
At this stage, we can write down the component action. Substituting the Grass-
mann expansions (6.14) and (6.15) into the action (6.10), using the equations of
motion (6.16)–(6.19), and integrating the Grassmann variable, the action (6.10) can
be put into the following form:
S =
∫
d4xAdu
{
− F¯+aα∂µAA−aαµ − iF¯+aα(V µ)αβA−aβµ − F¯+aα ¯˜m
a
bN
−bα
+iF¯+aα(M¯v)
α
βN
−aβ + F¯+aαm˜
a
bM
−aα + iF¯+aα(Mv)
α
βM
−aβ
+DA(−−)v (iF¯
+
aα(TA)
α
βF
+aβ − ξ++tr(TA))
}
. (6.24)
Then, using the conjugates of the equations of motion (6.17)-(6.19),
M¯+aα = M¯
i
aαu
+
i = F¯
+
bαm˜
b
a + iF¯
+
aβ(Mv)
β
α , (6.25)
N¯+aα = N¯
i
aαu
+
i = −F¯+bα ¯˜m
b
a + iF¯
+
aβ(M¯v)
β
α , (6.26)
A¯+µaα = A¯
i
µaαu
+
i = 2(∂
A
µ F¯
+
aα − iF¯+aβ(Vµ)βα) , (6.27)
where F¯+ = f¯ iu+i , we can rewrite the action in the simple form
S =
∫
d4xAdu
{
A¯µ+aαA
−aα
µ + M¯
+
aαM
−aα + N¯+aαN
−aα
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+DA(−−)v (iF¯
+
aα(TA)
α
βF
+aβ − ξ(++)tr(TA))
}
. (6.28)
The harmonic variables can be integrated easily by using the following formulas:∫
duu+i u
−
j =
1
2
ǫij, (6.29)∫
duu+i u
+
j u
−
k u
−
l =
1
6
(ǫilǫjk + ǫikǫjl) . (6.30)
The action after integration over u is
S =
∫
d4xA (Lkin + Lconstr + Lpot) , (6.31)
Lkin = −1
2
Aiaαµ A¯
µ
iaα , (6.32)
Lconstr = 1
3
DAv(ij)
(
if¯ (iaα(TA)
α
βf
j)aβ − ξ(ij)tr(TA)
)
, (6.33)
Lpot = −1
2
(
M iaαM¯iaα +N
iaαN¯iaα
)
= −V . (6.34)
After substituting (6.20)–(6.23) into (6.32)–(6.34) and integrating over the auxiliary
field DA
v(ij), we obtain the bosonic component Lagrangian,
Lkin = −2(∂Aµ f iaα∂µAf¯iaα − if¯iaα(V µ)αβ∂Aµ f iaβ
+i∂µAf¯iaα(Vµ)
α
βf
iaβ + f¯iaα(V
µ)αβ(Vµ)
β
γf
iaγ) , (6.35)
V =
1
2
f¯iaα{m˜, ¯˜m}abf ibα +
1
2
f¯iaα{Mv, M¯v}αβf iaβ
−if¯iaα(M¯v)αβm˜abf ibβ + if¯iaα ¯˜mab(Mv)αβf iaβ , (6.36)
with the constraint
if¯ (iaα(TA)
α
βf
j)aβ − ξ(ij)tr(TA) = 0 , (6.37)
which makes the target space nontrivial. This constraint can also be obtained as the
lowest-order component of (6.13). Let us next eliminate the Lagrange multipliers Vµ
and Mv. In order to do so, we define
f iaαf¯iaβ ≡ GA(TA)αβ , if iaα
↔
∂ µ f¯iaβ ≡ HAµ (TA)αβ , (6.38)
G˜AB ≡ 1
2
tr ({TA, TB}TC)GC , (6.39)
f¯iaβm˜
a
bf
ibα ≡ LA(TA)αβ . (6.40)
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Using these quantities, we can rewrite the Lagrangian as
Lkin = −2(∂Aµ f iaα∂µAf¯iaα + V Aµ HµA + V Aµ V BµG˜AB) , (6.41)
V = f¯iaα|m˜|2abf ibα +MAv M¯Bv G˜AB + iMAv L¯A − iM¯Av LA . (6.42)
The equations of motion for Vµ and Mv are given by
∂L
∂V Aµ
= −HµA − 2V BµG˜AB = 0 , (6.43)
∂L
∂MAv
= M¯Bv G˜AB + iL¯A = 0 . (6.44)
Solving these and substituting into (6.41) and (6.42), we finally obtain
Lkin = −2
(
∂Aµ f
iaα∂µAf¯iaα −
1
4
HAµ (G˜
−1)ABH
Bµ
)
, (6.45)
V = f¯iaα|m˜|2abf ibα − LA(G˜−1)ABL¯B . (6.46)
The bosonic Lagrangian of the SU(M) model has the same form as that in the
U(M) model if we regard the parameters b and c as arbitrary complex and real
parameters, respectively.
6.3. Vacua in the massive T ∗GN,M model
We now study vacua based on the potential (6.34) and the constraint. The
SUSY vacuum conditions are that the auxiliary fields vanish:
M iaα = N iaα = 0 . (6.47)
These conditions imply vanishing values for the potential (6.34) which is clearly
positive definite. We should, of course, simultaneously impose the constraint (6.37).
It is convenient to rewrite these conditions as
f iaα =
 φaα
−iχ¯aα
 , f¯ iaα = ǫijf jaα = ǫij f¯jaα =
 iχaα
−φ¯aα
 , (6.48)
ξ(11) = −ib∗ , ξ(12) = ξ(21) = ic
2
, ξ(22) = ib , (6.49)
iMv = σ . (6.50)
In terms of these variables, Eq. (6.47) becomes
0 = ¯˜m
a
bφ
bα + σ¯αβφ
aβ , (6.51)
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0 = ¯˜m
a
bχ¯
bα + σ¯αβχ¯
aβ , (6.52)
0 = m˜abφ
bα + σαβφ
aβ , (6.53)
0 = m˜abχ¯
bα + σαβχ¯
aβ . (6.54)
Also, the constraints in Eq. (6.37) become
0 = χαaφ
aβ = φ¯αaχ¯
aβ , (6.55)
0 = χαaχ¯
aβ − φ¯αaφaβ − cδ βα . (6.56)
Let us solve Eqs (6.51)–(6.56). Using U(M) rotation, σ can be diagonalized as
σ = diag.(σ1, σ, · · · , σM ) , (6.57)
M∑
α=1
σα =Mσ
0 . (σ = σATA)
Equations (6.51)–(6.54) can be rewritten in terms of the diagonal masses m˜ =
diag.(m1, . . . ,mN ) and σ as
0 = (m¯a1M + σ¯α1N )φ
aα , (6.58)
0 = (m¯a1M + σ¯α1N )χ¯
aα , (6.59)
0 = (ma1M + σα1N )φ
aα , (6.60)
0 = (ma1M + σα1N )χ¯
aα . (6.61)
Because M iaα and N iaα are not complex conjugates of each other, Eqs. (6.58) and
(6.59) are not complex conjugates of Eqs. (6.60) and (6.61). However, these four
conditions are consistent.
Because the SUSY conditions (6.55)–(6.59), together with the constraints (6.60)
and (6.61), are the same form as (4.20)–(4.23), we can repeat the analysis given for
the N = 1 formulation in §4.3 to obtain the solutions. We thus find that there are
NCM solutions of SUSY vacua.
§7. Summary and discussion
We have constructed the massive T ∗GN,M model and its generalization, which
are the Higgs branch of N = 2 SUSY gauge theories with U(M) and SU(M) gauge
groups, respectively. The vacuum structure for the massive T ∗GN,M model has been
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clarified, and it was found to be far richer than the massive T ∗CPN−1 model. It has
discrete N !/[M !(N −M)!] vacua, which are the origins of the standard coordinate
patches for GN,M and are represented by mutually orthogonal M -dimensional com-
plex planes in CN in a coordinate-independent way. On the other hand, the massive
HK sigma model with the SU(M) quotient has no discrete vacua.
Since we have discrete vacua for the massive T ∗GN,M model, we believe that this
model has domain wall configurations that are richer than the massive T ∗CPN−1
model. First, even for a single wall, we can expect several types of solutions. For
example, the cotangent bundle over the Klein quadric, T ∗G4,2, has the six vacua
given in Eq. (3.14). This model is expected to admit two kinds of walls. One is a
wall connecting two vacua without any common axis, e.g., the first and the sixth
vacua. The other is a wall connecting two vacua with a common axis, e.g., the first
and the second vacua. For general massive T ∗GN,M models, we conjecture a greater
variety of wall solutions. Second, if we have a parallel wall configuration, as in the
massive T ∗CPN−1 model, such a configuration has several zero modes corresponding
to positions of the walls.13), 27) The number of zero modes was calculated to be N for
the massive T ∗CPN−1 model in Ref. 29) using the index theorem. It is interesting
to apply the approach used there to the massive T ∗GN,M model.
The second homotopy group for T ∗GN,M is nontrivial: π2(T
∗GN,M ) ≃ π2(GN,M ) ≃
Z.49) Therefore, this model is believed to admit multi-string (vortex or lump) so-
lutions, a configuration of a string ending on a wall, as was found in Ref. 31) for
T ∗CP 1, and other interesting phenomena.
Reducing the T ∗CPN−1 model to three-dimensional space-time, an interesting
mirror symmetry has been found.50) Determining the non-Abelian generalization
of this mirror symmetry using our massive T ∗GN,M model would be an interesting
task.
Coupling the model to supergravity is possible, and in that case, the target
manifold is the quaternionic generalization of T ∗GN,M . Moreover, our model can
be promoted to five-dimensional supergravity in the manner considered in Refs. 12)
and 13). This is interesting for the brane world scenario.
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